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( )Although use of computational fluid dynamics CFD for simulating precipitation
( )and particulate systems in general is becoming a standard approach, a number of
issues still need to be addressed. One major problem is the computational expense of

( )coupling a standard discretized population balance DPB with a CFD code, as this
approach requires the solution of an intractably large number of transport equations. In

( )this work the quadrature method of moments QMOM is tested for size-dependent
growth and aggregation. The QMOM is ®alidated by comparison with both Monte Carlo
simulations and analytical solutions using se®eral functional forms for the aggregation
kernel. Moreo®er, model predictions are compared with a DPB to compare accuracy,
computational time, and the number of scalars in®ol®ed. Analysis of the relati®e perfor-
mance of ®arious methods for treating aggregation pro®ides readers with useful informa-
tion about the range of application and possible limitations.

Introduction

Precipitation and crystallization are widely studied prob-
lems in modern chemical engineering. Several phenomena are
involved, such as mixing at various scales, nucleation, crystal
growth, aggregation, and breakage. The influence of mixing
on this kind of process has been studied for more than two
decades, leading to different and sometimes contradictory re-

Žsults Baldyga et al., 1995; Barresi et al., 1999; Kim and Tar-
. Ž .bell, 1996 . The final crystal-size distribution CSD , as well

Ž .as crystal morphology Pagliolico et al., 1999; Jung et al., 2000
are strongly influenced by local concentrations and then by
mixing if the process is very fast. Moreover, mixing also plays
an important role in determining particle interactions
ŽKrutzer et al., 1995; Zauner and Jones, 2000; Sung et al.,

.2000 .
Since the process is complicated by the interaction of the

mechanisms involved, it is difficult and sometimes impossible
to propose scale-up and design rules from experimental data.
Thus, a modeling approach provides a useful tool for inter-
preting experimental data. The model has to be as accurate
and complete as possible with respect to the two key phe-
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nomena involved: mixing and solids evolution. The first as-
pect has been recently handled by computational fluid dy-

Ž . Žnamics CFD coupled with a micromixing model Baldyga
.and Orciuch, 2001; Marchisio et al., 2001; Piton et al., 2000 .

In these articles the role of mixing at all scales is modeled
and explained, and the solids evolution is modeled with the

Ž .standard moment method SMM . This method is based on
the idea of tracking only the moments of the CSD, rather
than the entire CSD. However, the transport equations of
the moments need to be written in a closed form, namely, in
terms of the moments themselves. An up-to-date description
of the possible approaches has been recently published by

Ž .Diemer and Olson 2002 , whereas a simplified approach for
simultaneous nucleation, molecular growth, and aggregation

Ž .has been implemented by Marchisio et al. 2002 for CFD
calculations.

Other possible approaches for the solution of the popula-
tion-balance equation are based on the discretization of the

Ž .particle internal coordinate s , leading to a discretized popu-
Ž .lation balance DPB . Depending on the philosophy of this

discretization, different methods have been developed for ag-
Žgregation and breakage Kumar and Ramkrishna, 1996a,b;
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. ŽVanni, 1999 and aggregation and crystal growth Marchal et
al., 1988; Muhr et al., 1996; Litster et al., 1995; Hounslow et

.al., 1988 . Another completely different approach is based on
Monte Carlo methods, in which a population of particles is

Žconsidered and undergoes a birth�death process Smith and
.Matsoukas, 1998 . A review of the state of the art of popula-

tion balances limited to the aggregation-breakage problem
Ž . Ž .can be found in Ramkrishna 1985 , whereas in Vanni 2000

a detailed comparison of different methods is studied and
discussed. A recent comprehensive treatment of population

Ž .balances can be found in Ramkrishna 2000 .
In general, the DPB approach describes the population

balance accurately, but can involve an extremely high number
of scalars. If the final application is the implementation of
the population balance in a CFD code, then the solution of
the scalars has to be done in every cell of the computational
domain, resulting in a very high calculation time and memory
problems. Thus, in order to study the effects of mixing using
CFD, it will be necessary to develop alternative approaches
that have nearly the same accuracy as the DPB approach, but
use fewer scalars.

One such approach is the quadrature method of moments
Ž . Ž .QMOM , first proposed by McGraw 1997 for studying
size-dependent growth in aerosols and then applied to aggre-

Ž .gation problems by Barrett and Webb 1998 . The method
Ž .has been extended by Wright et al. 2001 to treat a bivariate

aerosol distribution. In this article the QMOM approach is
tested for solving the length-based population-balance equa-
tion for molecular growth and aggregation. The aim of this
work is to show that this method has an accuracy of the same
order of magnitude as the DPB approaches available in the
literature for simultaneous nucleation, growth, and aggrega-
tion, but with a drastic reduction in the number of the scalars
involved. Several cases are investigated in order to illustrate
the advantages and the limitations of the QMOM approach.

Population Balance
The population balance is a continuity statement based on

the number density function. This function is defined in sev-
eral ways depending on the properties of the system under
observation. Given the coordinates of the property vector �

Ž .� � , . . . , � that specify the state of the particle, the num-1 n
Ž .ber density function n � ; x, t is defined as follows

n � , . . . , � ; x , t d� , . . . , d� sn � ; x , t d� 1Ž . Ž .Ž .1 n 1 n

and represents the number of particles with a value of the
property vector between � and � qd� . For an inhomoge-

Žneous particulate system the governing equation is Randolph
.and Larson, 1988

� n � ; x , t � n � ; x , t � � n � ; x , tŽ . Ž . Ž .
² :q u y �i t� t � x � x � xi i i

�
sy n � ; t � qh � ; t 2Ž . Ž . Ž .j�� j

² :where repeated indices imply summation and where u isi
the Reynolds-average velocity in the ith direction, x is thei

spatial coordinate in the ith direction, and � is the turbulentt
diffusivity. The ‘‘flux in �-space’’ is denoted by

d� j
� � jg1, . . . , N 3Ž .j dt

Ž .and h � ; t represents the net rate of introduction of new
Ž .particles into the system Hulburt and Katz, 1964 . Notice

that Eq. 2 is usually implemented in CFD codes by means of
user-defined scalars. By using this approach, the CFD code
solves the transport equations for a number of scalars de-
fined by the user. The CFD code handles the lefthand side of

Žthe equation that is, it handles convection and turbulent dif-
.fusion , and the problem is, thus, reduced to the formulation

Žof the source term in an acceptable manner that is, the source
.term on the righthand side of Eq. 2 . Since this work focuses

on the closure problem related to the source term of the pop-
ulation balance, hereinafter, only the homogeneous cases will
be considered. Extension to inhomogeneous cases then fol-

Žlows the methods used in our earlier work Marchisio et al.,
.2002 .

Depending on the system of interest, the number density
Ž . Žfunction n � ; t may have only one internal coordinate such

. Žas particle length or volume , or multiple coordinates such
.as particle volume and surface area . Usually when dealing

with nucleation and growth problems, the internal coordinate
is a characteristic length, whereas when dealing with aggrega-
tion and breakage, the internal coordinate is the particle vol-
ume. In this work, we will consider a number density function

Ž .defined in terms of the particle length � � L , and then the1
homogeneous population balance is

� n L; tŽ .
� t

�
w xsy G L n L; t qB L; t yD L; t 4Ž . Ž . Ž . Ž . Ž .

� L

Ž . Ž . Ž .where G L is the growth rate, and B L; t and D L; t are,
respectively, the birth and the death rates due to aggregation.

The study of aggregation started from the work of Smolu-
Ž .chowski 1917 , who first defined the birth and death rates

for a discrete system composed of interacting monomers. The
equations can be rewritten for a continuous system in terms

Ž .of the particle volume ® as follows

1 ®
� � � �B ®; t s � ®y� , � n ®y� ; t n � ; t d� 5Ž . Ž . Ž . Ž . Ž .H2 0

and

�
� � � �D ®; t sn ®; t � ®, � n � , t d� 6Ž . Ž . Ž . Ž . Ž .H

0

�Ž .where n ®; t is the particle number density with particle
�Ž .volume as internal coordinate, and � ®, � is the corre-

sponding aggregation kernel. The latter is a measure of the
frequency of the collision of particles of volume ® and � that
are successful in producing a particle of volume ®q� .

In order to introduce these terms in Eq. 4, one further
operation is needed. Assuming that length and volume are
related by ®AL3, it is easily shown that Eqs. 5 and 6 ex-
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pressed in a length-based form are as follows

1r33 32 � L y	 , 	Ž .L L
B L; t sŽ . H 2r33 32 0 L y	Ž .

1r33 3� n L y	 ; t n 	; t d	 7Ž . Ž . Ž .

and

�
D L; t sn L; t � L, 	 n 	; t d	 8Ž . Ž . Ž . Ž . Ž .H

0

where L and 	 are the dimensions of the particles with vol-
umes ® and � , respectively. A detailed derivation of these

Ž .equations can be found in Marchisio et al. 2003a .
Ž .Vanni 2000 reviewed several methods for solving pop-

ulation-balance equations, focusing in particular on aggrega-
Ž .tion�breakage problems. Likewise, Ramkrishna 2000 pre-

sents a lucid explanation of the mathematical issues involved.
As explained in the introduction, the most common approach
is the DPB, based on the discretization of the particle coordi-

Ž .nate such as particle volume or length . The available meth-
ods for aggregation�breakage problems basically differ on the
discretization used, but in general nonlinear discretization is
used. The situation is completely different for cases with
crystal growth, not only because the problem is formulated
using particle length as the internal coordinate, but also be-
cause in this case a linear discretization is the best approach.

Standard moment method
A computationally attractive alternative approach is the

SMM in which the key is the formulation of the problem in
Žterms of the lower-order moments in closed form that is,
.involving only functions of the moments themselves . For a

homogeneous system, the kth moment is defined by

�
km t s L n L; t dL 9Ž . Ž . Ž .Hk

0

Ž .The first five moments kg0, . . . , 4 are of particular inter-
est, since they are related to the total number particle density
Ž . Ž .N sm , the total particle area A sk m , and the totalt 0 t a 2

Ž . Ž .solids volume V sk m by shape factors k , k that de-t ® 3 a ®
pend on particle morphology. Moreover, using this approach
a mean crystal size can be defined as follows

m4
d s 10Ž .43 m3

and the solids concentration is given by


k m® 3
c s 11Ž .s M

where 
 is the crystal density, k is the volume shape factor,®
and M is the molecular weight of the crystal.

In a homogeneous system, the resulting transport equation

for the k th moment is as follows

dm t �Ž .k k ky1s 0 J t q kL G L n L; t dLŽ . Ž . Ž . Ž .Hdt 0

qB t yD t 12Ž . Ž . Ž .k k

Ž .where J t is the nucleation rate and the last two terms rep-
resent the effects of birth and death, respectively, due to ag-
gregation. The first of these can be rewritten by setting u3s

3 3 ŽL y	 and reversing the order of integration Litster et al.,
.1995

1 � � kr33 3B t s n 	; t � u , 	 u q	 n u; t du d	Ž . Ž . Ž .Ž . Ž .H Hk 2 0 0

13Ž .

whereas the second one is

� �
kD t s L n L; t � L, 	 n 	; t d	 dL 14Ž . Ž . Ž . Ž . Ž .H Hk

0 0

ŽIn the case of size-independent growth G function of time
. Ž .only and without aggregation and breakage B and D null ,k k

the moments can be computed directly without requiring ad-
ditional knowledge of the number density function. In all the
other cases SMM is applicable under particular simplifica-

Ž .tions Marchisio et al., 2002 or using the closure proposed by
Ž .Diemer and Olson 2002 .

Quadrature Method of Moments
The QMOM can be thought of as a particular class of mo-

ment method where the closure problem is solved by using a
Ž .quadrature approximation McGraw, 1997

Nq

n L; t f w t � LyL t 15w xŽ . Ž . Ž . Ž .Ý i i
is1

so that, for example

Nq

km t f w t L t 16Ž . Ž . Ž . Ž .Ýk i i
is1

Ž .The essence of this method is the fact that the abscissas L ti
Ž .and the weights w t can be specified from the lower-orderi

moments. In fact, in order to build a quadrature approxima-
tion of order N , it suffices to know the first 2 N moments.q q

Ž .Thus, for example, the first six moments m , . . . , m suffice0 5
to build a QMOM approximation of order N s3. Note thatq
Eq. 15 provides a rough approximation of the CSD. Although
limited, this information can be useful for a qualitative com-
parison with experimental CSDs.

Once abscissas and weights have been computed, any inte-
Ž Ž ..gral involving the number distribution function n L; t can

be approximated using Eq. 15. The procedure used to find wi
and L from the moments is the so-called product-differencei

May 2003 Vol. 49, No. 5 AIChE Journal1268



Ž . Ž .PD algorithm proposed by Gordon 1968 , and based on the
Ž .theory of canonical moments Dette and Studden, 1997 . The

first step is the construction of a matrix P, with components
Ž .P starting from the moments McGraw, 1997 . The compo-i, j

nents in the first column of P are

P s� ig1, . . . , 2 N q1 17Ž .i ,1 i1 q

where � is the Kronecker delta. The components in the sec-i1
ond column of P are

iy1P s y1 m ig1, . . . , 2 N q1 18Ž . Ž .i ,2 iy1 q

Since the final weights can be corrected by multiplying by the
true m , the calculations can be done assuming a normalized0

Ž .distribution that is, m s1 . Then the remaining compo-0
nents are found from the PD algorithm

P sP P y P P jg3, . . . , 2 N q1i , j 1, jy1 iq1, jy2 i , jy2 iq1, jy1 q

and ig1, . . . , 2 N q2y j 19Ž .q

If, for example, N s2, then P becomesq

2 21 1 m m ym m m ym1 2 1 3 1 2

0 ym ym ym qm m 01 2 3 2 1

Ps 0 m m 0 02 3

30 ym 0 0 0
0 0 0 0 0

20Ž .

Ž .The coefficients of the continued fraction � are gener-i
Ž .ated by setting the first element equal to zero � s0 , and1

computing the others according to the following recursive re-
lationship

P1,iq1
� s ig2, . . . , 2 N 21Ž .i qP P1,i 1, iy1

A symmetric tridiagonal matrix is obtained from sums and
products of � i

a s� q� ig1, . . . , 2 N y1 22Ž .i 2 i 2 iy1 q

and

b sy � q� ig1, . . . , 2 N y2 23' Ž .i 2 iq1 2 iy1 q

where a and b are, respectively, the diagonal and the codi-i i
agonal of the Jacobi matrix. Once the tridiagonal matrix is
determined, generation of the weights and abscissas is done
by finding its eigenvalues and eigenvectors. In fact, the eigen-
values are the abscissas, and the weights can be found as
follows

w sm ®2 24Ž .j 0 j1

where ® is the first component of the jth eigenvector © .j1 j
Use of QMOM for modeling time evolution of particulate

systems requires the solution of a system of ordinary differ-
Ž .ential equations ODE and the solution of the eigenvalues

problem. The former was handled by using the ODE package
Ž .ODEPACK LSODE Fortran double-precision subroutine ,

whereas for the latter the linear algebra package EISPACK
Ž .IMTQL2 Fortran double-precision subroutine was used. For

Ž .details see Press et al. 1992 .
Ž .When working with the first six moments m , . . . , m ,0 5

the method is based on the approximation of the number
density function by a sum of N s3 delta functionsq

n L; t sw t � LyL t qw t � LyL tw x w xŽ . Ž . Ž . Ž . Ž .1 1 2 2

qw t � LyL t 25w xŽ . Ž . Ž .3 3

and represents a population made up of three classes of par-
Ž . Ž . Ž .ticles with dimension L t , L t , and L t and number1 2 3

Ž . Ž . Ž .densities w t , w t , w t . As an example, consider a popu-1 2 3
Ž . Ž . Ž . Ž .lation with L 0 s1, L 0 s2, L 0 s3 m, w 0 s0.2,1 2 3 1

Ž . Ž .w 0 s0.1, and w 0 s0.7, and with a constant growth rate2 3
Gs1 msy1. The moment equations for this system are

dmk skGm kg0, . . . , 5 26Ž .ky1dt

with initial conditions

3
km 0 s w 0 L 0 kg0, . . . , 5 27Ž . Ž . Ž . Ž .Ýk i i

is1

Ž .From the first six moments m , . . . , m , the PD algorithm0 5
can be used to compute the three weights and three abscis-
sas. Results are reported in Figure 1, where it is shown that
Ž . Ž .w t remains constant, whereas L t increases following thei i

real increase in length of the three classes.
Ž . Ž . Ž .For the case where L 0 s2, L 0 s3, and L 0 s1 2 3

w Ž .3 Ž .3x1r3 Ž . Ž . Ž .L 0 qL 0 and w 0 s0.5, w 0 s0.5, w 0 s0.0,1 2 1 2 3
and particles L aggregate with particles L to give particles1 2

Ž .L preserving the volume without nucleation and growth ,3
the source terms for aggregation are very simple and the pop-
ulation balance written in terms of the moments is as follows

dm t m 0Ž . Ž .k 0k k ks yL t yL t qL t m t yŽ . Ž . Ž . Ž .Ž .1 2 3 0dt 2

ks0, . . . , 5. 28Ž .

w Ž . Ž . xSupposing an aggregation rate of m t ym 0 r2 and again0 0
tracking abscissas and weights by using the PD algorithm,

Ž . Ž .three different eigenvalues equal to L t s2, L t s3,1 2
Ž . Ž Ž .3 Ž .3.1r3L t s L t qL t and the three weights reported in3 1 2

Ž . Ž .Figure 2 are found. As can be seen, w t and w t go to1 2
Ž .zero and w t goes to 0.5. In fact, the total number of parti-3

Ž . Ž .cles is one half after all particles of dimension L t and L t1 2
have aggregated. Obviously, anytime the moments refer to a
number density function that cannot be exactly represented
by three classes of particles, Eq. 25 is no longer exact. For
these cases, validation of the method is required.
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( )Figure 1. Evolution with time of the abscissas L andi
( )weights w for three classes of particles ini

the case of size-independent growth and no
aggregation.

Other Approaches: Monte Carlo and DPB Methods
Ž .In part of the investigated cases Monte Carlo MC simula-

tions of the population balance were used to validate the
QMOM results.

The constant-number method of Smith and Matsoukas
Ž .1998 was used as a model for these simulations. When this
method is applied, the number of particles in the system re-
mains constant. Because aggregation processes result in a net
loss of particles, the system volume is increased in order to
keep m constant, and the time increment is adjusted appro-0
priately. In the method, an initial distribution of particles is

Žspecified. Two randomly selected particles indicated with i
.and j are tested for an aggregation event. An aggregation

event may occur with probability equal to

ki j
p s 29Ž .i j kmax

where p is the aggregation probability for the couple of par-i j
ticles i and j, k is the dimensionless aggregation kernel,i j

( )Figure 2. Evolution with time of the abscissas L andi
( )weights w for three classes of particles withi

aggregation and no growth.

and k is the maximum value of the aggregation kernelmax
among all the particles. Note that in the case of aggregation
with a constant kernel p s1. If an aggregation event occurs,i j
the mass of the new particle is equivalent to the sum of the
masses of the original two. The new particle replaces one of
the two aggregated particles in the distribution, and a void is
formed in place of the other. This void is filled by a replicate
of a randomly selected particle from the current distribution.
If an aggregation event does not occur, two new particles are

Ž .chosen and tested. The appropriate time step 
 t for this�

aggregation event is then calculated based on the following


C�

 t s 30Ž .� z Ý R� l l

where 
C is the change in the total number density due to�

that event, z is the stoichiometric coefficient for the event,�

and R is the rate of event l per unit time and unit volume.l
Note that for binary aggregation z sy1. Two new particles�

are then selected, and the entire process is repeated until the
desired intensity of aggregation is obtained. Further details

Ž .can be found in Smith and Matsoukas 1998 .
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The QMOM predictions were also compared with a spe-
cific DPB method for simultaneous nucleation, growth, and
aggregation. For this purpose the DPB approach proposed by

Ž .Litster et al. 1995 was employed. The latter was chosen from
among those approaches that can model simultaneous nucle-
ation, growth, and aggregation. For this reason, the model is
simpler and less accurate than more rigorous approaches that
are able to model only aggregation, and in some cases, break-
age. The approach is based on Hounslow’s idea that aggre-

iy1 Žgates are formed of particles of 2 monomers as if only
.particles made by 1,2,4,8, . . . monomers exist . In terms of

length-based expressions, this becomes L sL 21r3. Moreiq1 i
recently, a revised version of the model has been proposed,
in which the discretization can be adjusted by means of a
parameter, q. In this case, the discretization scheme becomes

Ž 1rq.1r3 w Ž .L sL 2 see Hounslow et al. 1988 and Litster etiq1 i
Ž . xal. 1995 for details .

Results and Discussion
The validation of the QMOM has been done in three steps.

In the first two steps the ability of the QMOM to model crys-
tal growth with size-independent and size-dependent growth
rates was verified. In the third step, the ability of QMOM to
predict aggregation using realistic aggregation kernels was in-
vestigated. In some cases and with the proper choice of the
initial distribution, it was possible to compare the QMOM

Žpredictions with analytical solutions, but in other cases that
.is, aggregation with Brownian and hydrodynamic kernels , it

was necessary to use alternative approaches. In this work the
constant-number Monte Carlo method proposed by Smith and

Ž .Matsoukas 1998 was used and considered to be an accurate
solution. Eventually a comparison with the DPB method was
also perfomed.

Size-independent growth rate
For this case, moment equations can be expressed in closed

form

dmk skGm kg0, . . . , 5 31Ž .ky1dt

and the system is represented by an analytical solution. The
solution of the system obtained by using the moments recal-
culated from the quadrature approximation, was found in ex-
cellent agreement with the analytical solution, proving that
the abscissas and weights obtained from the PD algorithm
are able to give back the exact values of the moments. Differ-
ent initial CSDs were used such as Dirac-delta and step func-
tions. In Figure 3 the first six normalized moments are re-
ported for the following initial CSD

No2 3n L s3L exp yLr® 32Ž . Ž .Ž .o®o

where N s1 my3, ® s1 my3, GsG s1.0 msy1. The re-o o o
sults show that the total number density is constant, whereas
m varies linearly. For all the moments the agreement be-1
tween the analytical solution and the solution found with the
PD algorithm was excellent.

(Figure 3. Evolution vs. dimensionless time � s tG rrrrro
1rrrrr 3 )v of the first six moments for size-inde-o

pendent growth.
The reported, results are obtained by using QMOM. The
analytical solution is not reported, since perfect overlapping
was found.

Size-dependent growth rate
For this case, by using the QMOM, the problem is formu-

lated in closed form

dm �k ky1s kG L n L;t L dLŽ . Ž .Hdt 0

3
ky1fk G L t L t w t kg0, . . . , 5 33w xŽ . Ž . Ž . Ž .Ý i i i

is1

Ž .McGraw 1997 showed that QMOM is able to correctly pre-
dict the first six moments for a growth law of the form

Go
G L s 34Ž . Ž .

L

From his calculations, the error was estimated to be lower
than 0.1%. In this work a comparison is made by using the
same initial condition as in the previous case and G s1.0o
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(Figure 4. Evolution vs. dimensionless time � s tG rrrrro
2rrrrr 3 )v of the first six moments for size-depen-o

dent growth.
The reported results are obtained by using QMOM. The an-

Ž .alytical solution available for even moments is not re-
ported, since perfect overlapping was found.

m2sy1. Results from QMOM were compared with analytical
solutions, which are available only for even moments, for ex-
ample

dm2 s2G m 35Ž .o 0dt

In Figure 4 the first six moments are reported against time.
Ž .As is possible to see, m t is again constant, whereas in this0

Ž .case m t varies linearly with time. Also in this case excel-2
lent agreement was found with a maximum error of 0.3%. In
general for problems involving only growth, we have observed
excellent agreement between QMOM and methods that ac-
count for the entire CSD.

Aggregation
Using QMOM for the aggregation terms in Eq. 12, the mo-

ment equations become

dm 1 � � kr3k 3 3s n 	; t � 	, u u q	 n u; t du d	Ž . Ž .Ž . Ž .H Hdt 2 0 0

� �
ky L n L; t � L, 	 n 	; t d	 dL 36Ž . Ž . Ž . Ž .H H

0 0

3 31 kr33 3f w w � L , L L qL 37Ž .Ž . Ž .Ý Ýi j i j i j2 is1 js1

3 3
ky w L w � L , L kg0, . . . , 5 38Ž .Ž .Ý Ýi i j i j

is1 js1

Validation of the QMOM was carried out first by compari-
son with analytical solutions. In fact, the initial CSD reported
in Eq. 32 provides analytical solutions in a number of cases
Ž .Gelbard and Seinfield, 1978 .

In this work, the QMOM was validated for four different
kernels
Ž .1 Constant

� L, 	 s� 39Ž . Ž .0

Ž .2 Sum

� L, 	 s� L3q	3 40Ž . Ž . Ž .0

Ž .3 Brownian

2Lq	Ž .
� L, 	 s� 41Ž . Ž .0 L	

Ž .4 Hydrodynamic

3
� L, 	 s� Lq	 42Ž . Ž . Ž .0

Note that analytical solutions are available for kernels 1 and
Ž .2 Gelbard and Seinfield, 1978 . As concerns MC simula-

tions, in this work the method proposed by Smith and Mat-
Ž .soukas 1998 is extended to predict size distributions result-

ing from the aggregation of particles driven by the sum and
hydrodynamic kernels.

For the constant kernel with an exponential initial CSD
Ž .Eq. 32 , the moments evolve as follows

1y kr32
m t sm ts0 43Ž . Ž . Ž .k k ž /2qN � to 0

In our calculations we considered N s1 my3, ® s1 m3, ando o
� s1 m3� sy1. The evolution of the moments is reported in0
Figure 5. Results clearly show that m remains constant, since3
during aggregation total particle volume is conserved. The
moments of the order lower than three decrease, whereas the
others increase. In the case under investigation, the QMOM
was found to be in excellent agreement with the analytical
solution and the Monte Carlo simulations.

Concerning MC simulations, the effect of the number of
particles used in the simulation of the statistical errors is very

May 2003 Vol. 49, No. 5 AIChE Journal1272



Figure 5. Normalized moments for aggregation with
( 3 � 1)constant kernel � s1.0 m �s against the0

( ) (dimensionless time � sN � t lines: ana-0 0
)lytical solution; symbols: QMOM predictions .

(Figure 6. Comparison between analytical solution con-
)tinuous line and Monte Carlo predictions

( )circles for m with different numbers of par-5
(ticles against the dimensionless time � s

) (N � t Monte Carlo predictions refer to 500 0
)different realizations .

important. In Figure 6, fifty different realizations for m5
Ž .against the dimensionless time �sN � t are reported and0 0

compared with the analytical solution. Each realization is a
different random walk and represents a possible evolution of
the particulate system. The comparison shows that, as the
number of particles is increased, the different realizations
collapse on the analytical solution, and moreover it confirms
that 15,000 particles are enough to describe the particles’

Figure 7. Percent error for the first six moments for ag-
( 3gregation with constant kernel � s1.0 m �0

�1)s .
In this case, the analytical solution is used to determine the
error; m is not reported, since the error is lower than3
10y6%.

evolutions. Hereinafter, all the comparisons with MC simula-
tions were run with a constant 15,000 particles.

In order to quantify the ability of the model to predict sys-
tem properties, it is useful to define the intensity of aggrega-

Ž .tion Ilievski and Hounslow, 1995

m tŽ .0
I s1y 44Ž .agg m 0Ž .0

I is 0 when the number of aggregation events is null, andagg
goes to 1 as this number increases. In Figure 7 the error for
QMOM relative to the exact solution is reported against I .agg
As can be seen, the error for all moments is less than 0.01%.
Since the third moment is perfectly predicted, the relative
error is not reported.

With the DPB method proposed by Hounslow, is20
classes are required to ensure the conservation of aggregate

Ž .volume that is, m constant for this example. For this value3
of i, the errors for moments with order lower than 3 were
around 1% for I approaching 1, whereas the fourth andagg
fifth moments were around 6%. Only after adopting the

Ž .modification proposed by Litster et al. 1995 , with qs5, are
the errors comparable to those of the QMOM. Thus, for
equivalent accuracy, the QMOM requires six scalars, while
the DPB requires 100 for the constant kernel case.

Ž .If the same initial CSD is considered Eq. 32 with the sum
kernel, an analytical solution also exists. For this case, Gel-

Ž .bart and Seinfield 1978 found the following population den-
Ž y3 3 y1.sity function N s1 m , ® s1 m , and � s1 so o 0

3 1yTŽ .
3 3'n L; t s exp y 1qT L I 2 L T 45Ž . Ž . Ž .Ž .1'L T

w Ž .xwhere Ts 1yexp y t and I is the modified Bessel func-1
tion of the first kind of order one. Numerical integration
wusing the function BESSE1 to evaluate the Bessel function
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Figure 8. Percent error for the first six moments for ag-
( �1)gregation with sum kernel � s1.0 s .0

In this case, the analytical solution is used to determine the
error; m is not reported, since the error is lower than3
10y6%.

Ž .xPress et al., 1992 gives the moment evolutions. In Figure 8
the errors found using the QMOM are calculated relative to
the analytic solution. Again, excellent agreement was found
between QMOM, the analytic solution, and MC simulations.
In this case, the comparison was done with MC simulations
using 15,000 particles.

For the sum kernel, errors for moments of order lower than
3 are always less than 5% and the third moment is perfectly
predicted. For m and m errors are less than 7% for I4 5 agg
smaller than 0.5, and for I close to unity are equal to aboutagg
9% and 10%, respectively.

In comparison, the DPB errors with is30 classes are quite
high and vary from 20% for m to 300% for m . If Litster’s0 5
modification is applied, the errors are comparable to those

Figure 9. Percent error for the first six moments for ag-
( 3gregation with Brownian kernel �s1.0 m �

�1)s .
The Monte Carlo solution is used to determine the error;
m is not reported since the error is lower than 10y6%.3

Figure 10. Percent error for the first six moments for
(aggregation with hydrodynamic kernel �0

�1)s1.0 s .
The Monte Carlo solution is used to determine the error;
m is not reported, since the error is lower than 10y6%.3

obtained with the QMOM only if qs6. Thus, for equivalent
accuracy, the QMOM requires six scalars, while the DPB re-
quires 180 for the sum kernel case.

For Brownian aggregation, QMOM predictions were com-
Ž .pared with those of MC simulations see Figure 9 . Also in

this case MC simulations were run with 15,000 particles. The
agreement between the two methods is excellent. The third
moment is perfectly predicted, whereas for moments of order
lower than 4, the errors are less than 1%. Only for m is the5
error greater than 1%, but still less than 3%. It is interesting
to note here that m is calculated only because it is needed5
in the PD algorithm. In fact, the highest-order moment that

Žis used for comparison with the experimental data is m Eq.4
.10 , for which the error is less than 1%. Moreover, results

confirm that in this case Brownian aggregation can be treated
with the constant kernel; in fact, under the hypothesis of ag-
gregating particles of the same size

2Lq	Ž .
� L, 	 s� f4� 46Ž . Ž .0 0L	

The errors found using the DPB are, thus, similar to those
reported earlier for the constant kernel.

QMOM errors are reported in Figure 10 for the hydrody-
namic kernel. Again, the agreement between QMOM and
Monte Carlo simulations is surprisingly good. Also in this case
Monte Carlo simulations were run with 15,000 particles. For
m , the error is always less than 1%, and for m and m , it is0 1 2
of the same order of magnitude. As in the other cases, m is3
perfectly predicted, whereas the errors for m and m are4 5
larger. However, for I less than 0.9, errors are relativelyagg
small, and only when I exceeds 0.9 are errors greater thanagg
5% but still lower than 10%. Comparison with DPB showed
that only by using is30 classes and qs5 are the errors of
the same order of magnitude as QMOM for the hydrody-
namic kernel.
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Besides the exponential distribution, other initial CSDs
were considered, such as a monomodal and bimodal step dis-
tribution. The agreement between the QMOM and the MC
simulation was excellent in all the cases investigated.

It also is very interesting to investigate the effect of the
number of nodes in the quadrature approximation. When
QMOM predictions with two, three, and four nodes were
compared, it was observed that increasing the number of
nodes leads to a small improvement in QMOM predictions.
However, the order of magnitude of the errors was very simi-
lar. A detailed description of the effect of the number of
nodes on the overall accuracy of the method has been re-

Ž .ported elsewhere Marchisio et al., 2003a . Results showed
that three nodes offer the best trade-off between number of
scalars and accuracy.

The validation process leads us to the conclusion that the
reduction in the number of scalars to be tracked is drastic in

Ž .comparison with standard DPB methods from 50�200 to 6 .
This drastic reduction of scalars does not come with a loss of
accuracy, but has a strong impact on the CPU time. It is im-
portant to highlight here that for CFD applications the num-
ber of scalars is of primary importance. For these simula-
tions, in fact, the controlling time is very often constituted by

Žthe solution of the convection and diffusion terms see Eq.
.2 , and a system with 50�200 classes is intractable for a real

geometry, whereas six moments can be easily solved. More-
over, besides reducing the number of scalars, the QMOM
solves more efficiently the set of equations; in fact, a reduc-
tion of the CPU is even detected in the homogeneous case.
For example, for constant kernel working with the DPB with

Ž20 classes, the CPU time is 0.04 s 452 calls for the ODE
.integrator , whereas for the QMOM with six moments, the

Ž .CPU time is 0.01 s 163 calls for the ODE integrator . As can
be easily calculated, using the QMOM reduces the time per
scalar from 2 msrscalar down to 1.6 msrscalar. The differ-
ence is more evident for the sum kernel where the CPU time

Ž . Ž .is reduced from 0.2 s 422 calls down to 0.01 s 142 calls .
The comparison shows that the CPU time per scalars is about

Ž .5 msrscalars for the DPB with 40 classes vs. 1.6 msrscalars
Ž .for the QMOM six moments .

In conclusion, the QMOM is very attractive in comparison
with other approaches, because it requires the solution of a
much smaller set of transport equations working with excel-
lent accuracy. Moreover, besides requiring fewer equations,
the CPU time per scalar is smaller than the investigated DPB
method, highlighting the fact that the QMOM bypasses the
stiffness resulting from the discretization of the population-
balance equation. In addition, as mentioned earlier, the
method proposed does not present the problem of fixing the
intervals to be considered in the simulations. Thus, unlike
the DPB approach, it can be used for different CSDs without
any modification. It also should be mentioned that reliable
techniques for reconstructing the CSD for the moments exist,
and a detailed discussion can be found in Diemer and Olson
Ž .2002 .

Conclusions
Ž .A novel method QMOM for the treatment of population

balances has been validated for size-dependent growth rate
and aggregation by comparison with direct methods. Results

show the great potential of QMOM for use with CFD codes.
Indeed, QMOM presents several important advantages rela-
tive to direct methods:
Ž .1 Extremely low number of scalars
Ž .2 Extremely low CPU time
Ž .3 There is no lower and upper limit on the classes in-

volved.
The ability of the model to simulate aggregation-breakage

problems has been investigated, and results confirmed the
Ž .numerous advantages of the method Marchisio et al., 2003a .

We have recently integrated the QMOM in a CFD-based
Ž .simulation code Fluent for aggregation and breakage, and

the direct formulation of the problem and its application to a
Ž .real case that is, fluidized beds are under study. Results

Žfrom these studies are reported elsewhere Marchisio et al.,
.2003b .
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Notation
a scomponents of the diagonal of the Jacobi matrix of di-i

mension 2 N y1q
A stotal particle area, m2

t
b scomponents of the codiagonal of the Jacobi matrix of di-i

mension 2 N y2q
Ž . y4 y1B L; t sbirth rate due to aggregation, m � s

� Ž . y6 y1B L; t sbirth rate due to aggregation, m � s
c ssolid concentration, kg �my3

s
Ž . y4 y1D L; t sdeath rate due to aggregation, m � s

�Ž . y6 y1D L; t sdeath rate due to aggregation, m � s
d smean crystal size, m43
Ž . y1G L scrystal growth rate, ms
G sconstant appearing in the crystal growth-rate expression,o

m2 � sy1

Ž .h � ; t srate of introduction of new particles
I sintensity of aggregation defined in Eq. 44agg
Ž . y3 y1J t snucleation rate, m � s

ksmoment order
k sarea shape factora
k sBoltzmann constant, kg �m2 � sy2 �Ky1

B
k svolume shape factor®
Lsparticle length, m

L sabscissas of the quadrature approximation, mi
m skth moment of number density function, mky3

k
Msmolecular weight, kg �moly1

Ž . y4n L; t slength-based number density function, m
�Ž . y6n ®; t svolume-based number density function, m

N sinitial total particle number density, my3
o

N sorder of the quadrature approximationq
N stotal particle number density, my3

t
Ž . Ž .Psproduct difference matrix of order 2 N q1 � 2 N q1q q

qsLitster’s parameter
Tsparameter defined in Eq. 45
tstime, s

Ž 3 3.1r3us L y	 particle length, m
² :u sReynolds-averaged fluid velocity in the ith direction, m �i

sy1

®sparticle volume, m3

® smonomer volume, m3
o
© sjth eigenvectorj
V stotal particle volume, m3

t
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w sweights of the quadrature approximation, my3
i

xsspatial coordinate

Greek letters
� scomponents of the continued fraction vector of dimen-i

sion 2 Nq
�slength-based aggregation kernel, m3� sy1

� �svolume-based aggregation kernel, m3� sy1

� ssize-independent part of the length-based aggregation0
kernel

� sturbulent diffusivity, m2 � sy1
t

�sparticle volume, m3

�sdimensionless time
	sparticle volume, m3

� sproperty vector

ssolid density, kg �my3
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